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Abstract

A second-order accurate characteristic-based finite volume method for analyzing time-dependent scalar
convection-diffusion-reaction equation in two dimensions is presented. The concept of the characteristic-based
scheme is applied to solve the convection-diffusion-reaction equation. The finite volume method is employed to
establish the discretized equations for the spatial domain, while the weighted residuals finite element
technique is used to estimate the gradient quantities at the cell faces and cell-centered of the control volume.
Numerical test cases have shown that the method reduces spurious oscillations and does not require an
explicit artificial diffusion for improving the solution stability. The efficiency, robustness and convergence
order of the method are investigated by using available analytical and numerical solutions of pure convection,
convection-diffusion and convection-diffusion-reaction problems.

Keywords: Convection-diffusion-reaction equation, Characteristic-based scheme, Explicit scheme, Finite
volume-element method

1 Introduction

Transport phenomena of the convection-diffusion It is well-known that the standard Galerkin finite
problem in fluid dynamics is a basis for explaining  element method usually yields oscillatory solution for
behaviors for a broad class of problems in physical, convection-dominated diffusion problem. Many
chemical, biological sciences and engineering [1-4].  techniques have been proposed to overcome the
Because these problems are related to the hyperbolic  method instability in order to improve the solution
conservation law for which their solutions always accuracy [11-15,7]. As an example of a flow in the
contain discontinuity and high gradient, accurate boundary layer, the use of a single stabilizing
numerical solutions are very difficult to obtain. For  parameter is insufficient to provide smooth flow
the convection-dominated diffusion problems, sharp  distribution in the vicinity of sharp solution gradient
fronts may form up and move throughout the that is not aligned with the velocity direction. The
computational domain. In such situation, a spurious  shock-capturing procedure [16] is a usual remedy for
non-physical oscillation, known as the Gibbs' this situation. Among several stabilizing schemes, the
phenomenon, can develop and deteriorate the characteristic Galerkin scheme has been developed
accuracy of the numerical solution obtained from by using the time stepping as the basis [17,18,13,19].
using the standard finite difference and finite element  The scheme, which is based on Taylor's series
methods. Many special treatments have been expansion, is attractive due to the ease of
developed and applied to suppress such spurious implementation that can be written in a fully explicit
oscillation that occurs in the computed solutions for  form [18,20]. Many second-order time-integration
the convection and convection-dominated diffusion finite element methods have been proposed
problems. At present, improved methods for by combining the standard Galerkin spatial
approximating the convection term are still needed.  discretization with the second-order accurate time
Development of accurate numerical methods for the  stepping scheme. These second-order methods
convection-diffusion equations remains a challenging include the Lax-Wendroff, leap frog, and Crank-
task in computational fluid dynamics [5-10]. Nicolson methods. These methods, however, fail to
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produce satisfactory numerical solutions for
convection dominated problems [23]. Many multi-
step explicit schemes have also developed to provide
higher-order solution accuracy but are suffered from
severe restriction of the allowable time step in both
convection and diffusion-dominated problems. Some
methods can provide high solution accuracy by using
the graded meshes for capturing detailed solutions
[24,25]. For example, the subgrid scale stabilized
method [26] is a technique that can provide high
solution accuracy in all physical regimes. Its solution
stability for the advection-diffusion-reaction equation
is examined by using the Fourier analysis as
presented in Ref. [27].

Computational techniques for solving the hyperbolic
equation are generally classified into the explicit and
implicit (or semi-implicit) methods. The explicit
method is simple to implement and can provide
acceptable solution accuracy. However, the method is
constrained by the CFL condition in order to stabilize
the spatial error from growing without bound.
Attempts to relief the constraint have been developed,
such as the one proposed by Wang and Liu [28]. On
the other hand, the implicit method provides a more
stable solution. However, a large time step size may
not be used because the solution accuracy degrades
with time. The inversion of the coefficient matrix is
another weakness of the method since it is a time
consumable process and requires a large block of
memory.

The objective of this work is to develop an explicit
characteristic-based finite volume method that
provides stabilized numerical solutions for two-
dimensional convection-diffusion-reaction problems.
The combination of the conventional finite element
and finite volume methods for solving fluid flow
problems is of interest by many researchers recently
[29-32]. However, the idea of using the finite volume
scheme to discretize the characteristic-based
convection-diffusion-reaction equation has never
been investigated. In this paper, the concept of
characteristic-based scheme [13,20], for approximating
the Lagrangian derivatives in time, is used to derive the
discretized convection-diffusion-reaction equation.
An explicit finite volume method is employed to
derive the discretized equations for the spatial
domain. The cell-face and cell-centered gradient
quantities implemented in the present scheme is
obtained by using the weighted residuals finite
element method. The robustness and efficiency of the
proposed method are examined by analyzing the pure
convection, convection-dominated diffusion, and

convection-diffusion-reaction problems. The presentation
of the paper starts from explaining the theoretical
formulation and the corresponding characteristic-based
scheme in Section 2. The finite volume discretization
of the characteristic equations is presented in Section
3. Finally, the proposed method is examined and
evaluated in Section 4 by using five examples. These
examples are: (1) the Gaussian distribution flow in a
square problem, (2) the Codina's test cases, and (3)
the skew flow problem.

2 Characteristic convection — diffusion — reaction
formulation

The characteristic-based scheme for convection-
diffusion-reaction equation is presented in this
section. The governing differential equation of a
typical transport process with an unknown scalar
quantity ¢ for the transient convection-diffusion-

reaction problem with source term on a two-
dimensional domain is [33],

%+V-(v¢—gv¢)+zc¢:q 1

ot

The differential equation is subjected to the boundary
conditions

$=0, on 0Q, )
0
g@—fng on 0Q, @)

with Q =0Q, LwoQ, with 0Q; NoQ, =0. The

initial condition is defined for x e Q with Q = R?
by

#(x,0) = ¢ (x) (4)

where ¢ is the scalar quantity, v =v(x)is the given
convection velocity vector, ¢>0 is the diffusion
coefficient, x is the reaction coefficient, q=q(X,t)
is the prescribed source term, and for T < 0.

By following the step described in Refs.[13,20], the

convection-diffusion-reaction equation along the
characteristic can be written by

a¢ ! ’ ’

ST VY (V) rrd=g ®)

where all terms are evaluated at x" = x'(t) . The finite

difference method is then applied to the temporal
term and the spatial term is approximated by the
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quantities at time n (by backward tracing along the

characteristic). Finally, the fully explicit semi-

discrete form of Eq. (5) can be written in the form
—g"

@mx Xﬂ)
(_¢v.v+v-(5V¢)—K¢+Q)n‘

1
At

(6)

X—AX

where ¢=¢(x',t) and X' is the path of the
characteristic wave. The incremental time period At
is from n to n+1, and the incremental distance AX
is from X—AX to x. The local Taylor's series
expansion in space is applied to the second term on
the left-hand side and to all the right-hand side terms
of the equation. The incremental distance AX along
the characteristic path is then approximated by
AX =VAt, where V is the average velocity along
the characteristic [20]. To obtain a fully explicit
scheme, V is approximated by

Y2 l( n+1 n )
v==\v %
2 X X—AX (7)
~ At(v” —ﬁvn -Vv”j
2 X
Finally Eq. (6) can be written in the form
¢ =" =MV (v eV ) +xp—0f
+(A2t)2[v (V- (V@) ~ V-VV - (V) )

+xv-Vg—v-vq

3 Explicit finite volume formulation

The computational domain is first discretized into a
collection of non-overlapping triangular control
volumes Q, € Q,i=1..,N, that completely cover

the domain such that
Q=uLQ, Q#0,andQNQ=0ifi=j (9

Equation (8) is then integrated over the control
volume Q, [34] to obtain

J'Qi (¢n+1 _ ¢n )jX _
[~V (vg—ev )+ xg—af

(10)
+%[V (VV-(vg)) =V vV (vg)

+xv-Vg—v-vq[dx

Then the divergence theorem is applied to the spatial
terms to yield

L. " dx = .[Q_ $"dx
~ At [ [0 () - (V)P ") - e (v ) v

o0,

B [0 (v -
0 (11)
V(V)P(v )V (V(x) v

—At“zqé(x,t”)—q(x,t”)]dx
L8l ISCRECRR

v(x)-Va(x, ") ix
where n,(v) is the unit outward normal vector of
0Q, . The approximations to the cell average of ¢

n+l

over Q. attime t" and t"* are represented by

1
@ =—| ¢"dx (12)
‘Qi‘ IQi

1

n+l n+l

= dx (13)
’ Qij9'¢

where ‘Qi‘ is the measure of Q.. For any control

volume, the flux integral over 9Q, appearing on the

right-hand side of Eq. (11) could be approximated by
the summation of fluxes passing through all adjacent

cell faces. Hence, by applying the midpoint
quadrature integration rule on the spatial domain
terms, the flux integral over o0, may be

approximated by
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where NF is number of adjacent cell faces, T, is the

segment of boundary oQ, between two adjacent
control volumes ), and Q;, which is defined by

00, = U T and I = 6Q, N oQ, (16)

The integrations of the other terms can then be
approximated by

[ g0t dx = |02 1 (1) 17)
f q(x,t")dx ~ [, (t") (18)
f KV(X)- VP(x,t")dx = [ [xv -V (t") (19)

| (20)

j V(X)- Vg(x,t")dx = [0, )v- Vg (")

By substituting Egs. (12)-(20) into Eq.(11), a fully
explicit characteristic-based finite volume scheme for
solving Eq. (1) is obtained in the form

IM - In ‘ ‘Z i [Vu¢ln+1/2
%vijﬂ?v-v—wﬂ?} (21)
%[K‘V'Vﬂn —v-ti”]—At[in,” —qi”]

where the quantities at time t=n are ¢! =4 (t"),

¢ =¢ (1"), and g =q; (t"). Finally, the scalar
n+l/2 ;

quantity at the half time step t=n+1/2, ¢
expressed by

(22)

¢n+1/2 ¢ +(X|J X) V¢ _7V (V¢)

where x; and X; are the cell centroid and the face

centroid locations, respectively. For the opposite
direction of velocity, the values of ¢! could be

computed from Eq. (22) by using the values from the
neighboring control volumes according to the
upwinding direction.

4 Numerical experiments

To evaluate the performance of the proposed finite
volume method, three examples of the pure-
convection, convection-diffusion and convection-
diffusion-reaction problems are examined. These
examples are: (1) the Gaussian distribution flow in a
square problem, (2) the Codina's test cases problem,
and (3) the skew flow problem. Because the proposed
method (CFVM) is developed using the concept of
the characteristic-based finite element method
(CBSFEM) [20], thus, the solutions from the
CBSFEM will be used to compare with those
obtained from the CFVM.

4.1 Gaussian distribution flow in a square

The first example is adopted from the paper presented
by Waterson and Deconinck [35] for testing the
solution convergence to the steady-state solution.
The example is a convection problem with unknown
of a scalar quantity from a non-uniform flow field in
a unit square domain, Q=(0,0)x(11). The initial

condition ¢(x,0) is set to be zero and the inflow

boundary condition along y=0 s given by
$(x,t>0) =exp(-2x)sin’(zx). The steady-state
velocity field is specified by wu(x)=x and

v(x)=1-y.

The uniform grids SO to S4 consisting of 8x8
(Ax=Ay=1/8),16x16,32x32,64x64,128x128
cells, respectively, are used in this test case. Figures
1(a)-(d) show the exact and numerical solutions of
the three uniform grids, S1 to S3. Figure 3 shows the
computed profiles at the outlet boundary x=1
obtained from grids S1 to S3 as compared to the
exact solution. The computed profiles obtained from
these grids approach the exact solution as the grid is
refined.
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=08

=05

(d) Grid S3

Figure 1: Comparison of exact and numerical
solutions on grids S1, S2, and S3.

The exact solution for this problem is
#(x) =exp(=2x(1—y))sin®(zx(1—y)). The steady-
state solution is defined by the value of the solution

1

when the residual

(¢."+1—¢,")Z is less than

10°°. Figure 3 shows the plot of the L, -norm errors

of the solutions versus grid sizes. By comparing the
computed solutions with the exact minimum and
maximum values of 0 and 0.4064, respectively, the
proposed method provides solution that converges to
the exact solution as the grid is refined. It is noted
that the experimental order of convergence (EOC) of
the L, -norm error for this problem is about two.

05

scalar

Figure 2: Comparison of exact and numerical
solutions along the boundary x =1.

Log(h)

-2

Log(ll 7, Iy

3

Figure 3: Plot of L, -error norms versus grid sizes.
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4.2 Codina's test cases

The next example is the oblique inflow convection-
diffusion-reaction problem which was presented by
Codina [36]. The domain size is a unit square of
Q=(0,0)x(L,1) and the initial condition ¢(x,0) is
set to be zero. The steady velocity field,

u(x) =V cos(z/3)

(23)
v(x) =V sin(xz/3)

with q=1, and £=10"*. Three different cases have
been tested, with the given parameters as follows;

(D) V=1Lxk=10" (convection-dominated), (Il
V =10" k=1 (reaction-dominated) and (III)
V =05,k =1 (combined effect). The steady-state

analyses of these test cases are performed on a
20x 20 grid size.

For case | with a small reaction effect, the scalar
quantity profile flows across the domain with an
increasing amount of its height until it approaches the
outflow boundaries as shown by Figure 4(a). Both
methods vyield overshooting solutions along the
outflow boundaries. However, the magnitude of the
overshooting solution obtained from the CFVM is
less than those of the CBSFEM and SUPG methods
[37]. For case Il with a large reaction effect, the
scalar quantity profile also flows across the domain
with an increasing amount of its height uniformly
through out the domain. Figure 4(b) shows that the
CBSFEM yields oscillation along all fronts of the
scalar quantity profile as well as the SUPG and GLS
methods. Solutions obtained from the CFVM and the
SGS methods do not produce any oscillation along
the fronts of the scalar quantity profile on this grid
size. For case Il with the combined convection and
reaction effect, the scalar quantity profile represents a
superposition of the solutions from cases (a) and (b)
together. In this case, all methods yield oscillation
along all fronts of the scalar quantity profile as shown
by Figure 4(c). To eliminate the overshooting of the
computed solution along such outflow boundaries of
cases | and Il, the Barth and Jespersen limiter
function [38] is applied to the gradient terms in
Eqgs.(26) and (27). With the limiter function, the
solution overshooting disappears along such outflow
boundaries as shown by Figures 12(a)-(b).

(a) Case |

(c) Case Il

Figure 4: Comparison of numerical solutions
(Left=CBSFEM, Right=CFVM).

(b) Case Il

Figure 5: Numerical solutions with limiter function.
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4.3 Skew flow

The last example is a skew flow problem presented
by Hauke [26]. This example considers the behavior
of the numerical solutions in different flow regimes
in a square domain Q =(0,0) x(L,1), with the initial
condition ¢(x,0) of zero. Four boundary conditions are
p(x=0,t)=g(y=Lt)=1, ad g(x=1t)=¢(y=0,t)=0.
The velocity field is given by
u(x) = cos(z/6)

v(x) =sin(z/6) =

with q=0. Three different cases have been

tested with the given parameters of; (I)
£=0.5,0.050.005x=0, and (I) &=0.005
x=100101.

The analyses of these test cases are performed on the
10x10 grid size as were used in Ref.[26]. The
numerical solutions are examined at the steady-state
condition.

s

(c) £=0.005x=0

Figure 6: Case I, comparison of numerical solutions
(Left=CBSFEM, Right=CFVM).

For case I, Figures 6(a)-(c) show that the CBSFEM
produces overshooting solutions along boundary
x=1 for all values of $\epsilon$, whereas the
CFVM vyields good stable solutions. For case I,
Figures 7(a)-(c) show that the CBSFEM still

produces oscillations near the boundary y =1 for all

values of x, whereas the CFVM provides good
stable solutions. The CBSFEM yields oscillated and
incorrect solutions especially in the sub-cases (b) and
(c), even though these solutions converge to steady-
state condition. It should also be noted that for all
tested cases, the solutions obtained by CFVM are
comparable with those from the SGS method
presented in Ref.[26].

RS

(c) £=0.005x=1

Figure 7: Case 11, comparison of numerical solutions
(Left=CBSFEM, Right=CFVM).

5 Conclusions

This paper presents an explicit second-order
characteristic-based finite volume method for solving
the convection-diffusion-reaction equation in two-
dimensional domain. The theoretical formulation of the
proposed method was explained in details. The
computational procedure is based on the application of
characteristic-based scheme to the convection-diffusion-
reaction equation. The finite volume method was applied
to derive the discretized equations for the spatial domain.
Three numerical examples were used to evaluate the
performance and to determine the order of accuracy of the
proposed method. These examples showed that the
method provides converged solution with improved
solution accuracy as the grid is refined. The examples also
showed that the method does not require any explicit
artificial diffusion for improving the solution stability.
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